Superintegrable Hamiltonian systems describing the interactions among three point masses on a line have been described in [2] . Here, we show examples of how the approach of above can be extended to a higher number of particles on a line and on higher dimensional manifolds. This paper is a slightly extended version of a poster presented at the XVI ICMP held in Prague, 3-8 August 2009.
A class of superintegrable three-body systems on the line (a short summary of [2] ). Natural Hamiltonian three-body (mass points) systems on a line, with positions x i and momenta p i can naturally be interpreted as one point system in the three-dimensional Euclidean space with Cartesian coordinates and momenta (x i , p i ). The masses of the points can be considered unitary, the case of different positive masses being always reducible to the former [2] . Let X i = x i − x i+1 , ω = (1, 1, 1) and let (r, ψ, z) be cylindrical coordinates of axis parallel to ω. The Hamiltonians with scalar potentials of the form
admit the four independent quadratic first integrals
The first three first integrals allow integration of the Hamilton-Jacobi equation by separation of variables and determine the radial motion common to any choice of F . Examples are Calogero and Wolfes potentials
around the axis Ω of the cylindrical coordinates, i.e. a phase shift ψ −→ ψ + α, makes the separated equations for V C , a two-body interaction, and V W , a three-body interaction, to coincide. Therefore, by reading the potentials as functions of X i , the corresponding interactions among points on the line can be considered as equivalent. Potentials as V C and V W admit a further independent cubic first integral making them maximally superintegrable. In general, any potential of the form V = k [r sin(2n+1)ψ] 2 seems to admit the fifth first integral
with l = 2σ + 1 − i and
where (
denotes the Newton binomial symbol and [a] the greatest integer ≤ a. n points on a line Any homogeneous function of degree -2 in
and viceversa, where tan
and (r n−1 , ψ 1 , . . . , ψ n−2 , u) are sphericalcylindrical coordinates in E n .
Proof. Let (z j ) coordinates in R n defined by
they are Cartesian coordinates equioriented with (x i ). It follows
It is evident that any homogeneous function of degree -2 in X i can be written as the central term of (2) and that both expressions in (2) are homogeneous of degree -2 in X i . Zeros of (X i ) are obviously not considered here, corresponding to collision configurations of the particles.
Natural systems on E n with potential of the form (2) can be interpreted as natural systems of n points on a line. Phase shifts ψ i −→ ψ i +α i , 0 ≤ α i < π, determine equivalence classes of interactions on the line as seen in dimension three.
Evans systems embedded in dimension 4
All superintegrable potentials with at least four quadratic first integrals in E 3 are listed in [1] ; those in the form (2) are, up to isometries,
with ρ 2 = x 2 + y 2 + z 2 . Some other particular cases are possible, but no undetermined functions are then included; for example
All the potentials of above, trivially extended in dimension four by adding 
the three other "old" first integrals of H and
It is always possible to write the functions of above in term of distances between four points on a line; again, phase shifts in ψ i determine equivalence classes of interactions on the line. Then, for n = 4, it is determined a class of superintegrable four-body systems on the line with 2n − 2 quadratic first integrals.
Many-body systems in higher-dimensional manifolds The approach of above can be easily generalized to systems of n points in m-dimensional Euclidean spaces. Let (q i r , p r i ) denote the i-th canonical euclidean coordinates of the r-th of n points in a m dimensional Euclidean space. If we require that the total momentum of the system is a constant of the motion, then, the Hamiltonian depend on the differences of the configuration coordinates of the points only: H = H (p r , (q in Cylindrical coordinates (r, ψ, u i ) with "axis" generated by the (ω i ), and its nine independent quadratic first integrals are:
The potential V in the original plane M assumes the form
where X 1 = x 1 + x 3 − 2x 5 , X 2 = x 2 + x 4 − 2x 6 .
